Functional equicontinuity and uniformities in topological groups  by Bouziad, A. & Troallic, J.P.
Topology and its Applications 144 (2004) 95–107
www.elsevier.com/locate/topol
Functional equicontinuity and uniformities
in topological groups
A. Bouziad a,∗, J.P. Troallic b
a Département de Mathématiques, Université de Rouen, UMR CNRS 6085, F-76820 Mont Saint Aignan, France
b UMR CNRS 6085, UFR des Sciences et Techniques, Université du Havre, 25 rue Philippe Lebon,
F-76600 Le Havre, France
Received 9 February 2004; received in revised form 9 April 2004
Abstract
A set H of continuous mappings from a topological space X to a uniform space (Y,U) is said to
be functionally equicontinuous (at x ∈ X) if the set {f ◦ h: h ∈H} is equicontinuous (at x) for each
bounded real-valued uniformly continuous function f on (Y,U). In this paper, information about
this concept is given. The relation between equicontinuity (at x ∈ X) and functional equicontinuity
(at x ∈ X) is examined in detail. The main result asserts that for every X belonging to a wide class
C of topological spaces (including all quasi-kR-spaces), any set of continuous mappings from X to
any uniform space Y which is functionally equicontinuous is in fact equicontinuous. Applications to
topological groups of the general results are given in the last section. In particular, the main result
is applied to solve positively in the class C the problem of the equality [FSIN] = [SIN] raised by
Itzkowitz.
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1. IntroductionLet X be a topological space and let (Y,U) be a uniform space. Throughout this paper,
X is assumed to be Tychonoff and C(X,Y ) is the set of all continuous mappings from X to
Y , Y being equipped with the uniform topology. This paper is principally concerned with
the following Question 1.1. The authors’ interest in this question arises from the problem
of the equality [FSIN] = [SIN] raised by Itzkowitz [13] and its functional approach given
in [27].
Question 1.1. Let H be a set of continuous mappings from X to (Y,U), and suppose
that the set Hf = {f ◦ h: h ∈H} is equicontinuous (at x) for each bounded real-valued
uniformly continuous function f on (Y,U). Must H be equicontinuous (at x)?
With this level of generality, this question has a negative answer, as shown by
Example 3.5. Our main goal here is to provide reasonable additional conditions which
assure an affirmative answer. The following reformulation of Question 1.1 will be useful.
Let U∗ be the finest uniformity on Y which is totally bounded and coarser than U . The
uniform space (Y,U∗) is called the precompact reflexion of (Y,U) (and the completion
sY of (Y,U∗) is sometimes called the Samuel compactification of (Y,U)) [6,10]. It is well
known that U∗ is also the uniformity on Y generated by the set of all bounded real-valued
uniformly continuous functions on (Y,U); consequently, Question 1.1 can be reformulated
by asking if a subset H of C(X,Y ) which is equicontinuous (at x) when Y is endowed
with U∗ is necessarily equicontinuous (at x) when Y is endowed with U . We adopt the
following definition.
Definition 1.1. We say that a subsetH of C(X,Y ) is functionally equicontinuous (at x ∈ X)
if the following equivalent conditions are satisfied:
(i) The set Hf = {f ◦ h: h ∈H} is equicontinuous (at x) for every bounded uniformly
continuous function f : (Y,U) → R.
(ii) H is equicontinuous (at x ∈ X) when the set Y is equipped with the uniformity U∗.
The paper is organized as follows. Let X be a topological space, let (Y,U) be a uniform
space, and let H be a subset of C(X,Y ). In Section 2, we give an internal criterion for
H to be functionally equicontinuous at x ∈ X (Theorem 2.6). Using this criterion, we
easily obtain that if x ∈ X and if H(x) = {h(x): h ∈H} is a precompact subset of (Y,U),
then the functional equicontinuity of H at x implies the equicontinuity of H at x . In
Section 3, we introduce the wide class PP(X) of all pointwise relatively pseudocompact
subspaces of X; we show that if X is strongly functionally generated by PP(X), then
the functional equicontinuity of all countable subsets of H implies the equicontinuity of
H; it is the main result of this paper (Theorem 3.2). In Section 3, it is also proved that
if x ∈ X has a basis of connected neighborhoods in X, then the functional equicontinuity
of H at x implies the equicontinuity of H at x provided that H is evenly equidistant at
x (Theorem 3.4). The proof of Theorem 3.4 rests on the following property established
in Section 2 without any assumption on x ∈ X: The collection H is equicontinuous at
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x ∈ X if and only if (i) H is evenly equidistant at x , and (ii) every subset L of H such that
the family (h(x))h∈L is uniformly discrete is equicontinuous at x (Proposition 2.1). The
concept of even equidistance is introduced in Section 2.
In Section 4, the general results of Sections 2 and 3 are mainly applied to the problem
of the equality [FSIN] = [SIN] raised by Itzkowitz in 1991 [13]. As usual, [FSIN] denotes
the class of FSIN-groups and [SIN] denotes the class of SIN-groups. The main result of
this section affirms that if G is an ℵ0-FSIN-group strongly functionally generated by the
collectionPP(G), then G is a SIN-group (part (2) of Theorem 4.4). The ℵ0-FSIN property
is a weak form of the FSIN property. Part (2) of Theorem 4.4 improves in particular
the results obtained in [13,20] for locally compact groups, in [23] for almost metrizable
groups, and in [27] for topological groups that are quasi-k-spaces. In a different direction,
Megrelishvili, Nickolas and Pestov proved in [19] that every locally connected FSIN-group
is a SIN-group; we show that, more generally, a subset A of a locally connected topological
group G is left thin in G if (and only if) each right uniformly discrete subset of A is right
neutral in G.
2. Functional equicontinuity
Let X be a topological space and let (Y,U) be a uniform space. Recall that a subset H
of C(X,Y ) is said to be equicontinuous at x ∈ X if to each member U of U , corresponds a
neighborhood V of x in X satisfying h(V ) ⊂ U [h(x)] for every h ∈H. Here, for all U ∈ U
and F ⊂ Y , U [F ] is the (usual) notation of the set {y ∈ Y : ({y} × F) ∩ U = ∅}. When F
is reduced to a single point y ∈ Y , we simply write U [y] instead of U [F ].
Recall that the symbol U∗ stands for the finest uniformity on Y which is totally bounded
and coarser than U . As mentioned in the introduction,U∗ is also the coarsest uniformity on
Y making uniformly continuous all bounded real-valued uniformly continuous mappings
on (Y,U). The basic result of this section is Theorem 2.6; it assures that items (i) and (ii)
in Definition 1.1 are equivalent to the following condition (iii), especially adapted to our
purpose:
(iii) For every L ⊂ H and every V ∈ U , there is a neighborhood U of x in X such that
L(U) ⊂ V [L(x)].
Here, L(U) = {h(u): h ∈ L, u ∈ U}. On the other hand, we show in Proposition 2.1
that the equicontinuity property at a point x ∈ X of a set H ⊂ C(X,Y ) can be broken up
into two properties. One of them uses the following concept.
Definition 2.1. We will say that a subset H of C(X,Y ) is evenly equidistant at x ∈ X if
for each V ∈ U there is a neighborhood U of x in X and a member W of U such that the
conditions (h(x), l(x)) ∈ W and l, h ∈H imply that (h(u), l(u)) ∈ V for all u ∈ U .
To state the second property, terminology 2.2 is convenient.
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Definition 2.2. We will say that a subset L of C(X,Y ) is uniformly discrete at x ∈ X if
there is W ∈ U such that W [h(x)] ∩ W [l(x)] = ∅ for any distinct members l, h of L. It
implies that the set L(x) = {l(x): l ∈L} is uniformly discrete in Y .
Recall that a subset A of the uniform space (Y,U) is said to be uniformly discrete in Y if
for some W ∈ U , A is W -discrete, that is, W [a] ∩ W [b] = ∅ for any pair of distinct points
a, b in A.
Proposition 2.1. Let X be a topological space, (Y,U) a uniform space and H⊂ C(X,Y ).
Then, for every x ∈ X, the following statements are equivalent:
(1) H is equicontinuous at x .
(2) (i) H is evenly equidistant at x , and (ii) every L⊂H which is uniformly discrete at x
is equicontinuous at x .
(3) There is a uniformity U ′ on Y finer than U such that (i) H is evenly equidistant at x
with respect to U ′, and (ii) every L⊂H which is uniformly discrete at x with respect
to U ′ is equicontinuous at x with respect to U .
Proof. Suppose that condition (1) holds. Clearly, item (ii) of (2) is then satisfied; let us
verify item (i) of (2). Let V ∈ U . Let W be a symmetric entourage of Y such that W 3 ⊂ V ;
since H is equicontinuous at x with respect to U , there is a neighborhood U of x in
X such that (h(x),h(u)) ∈ W for every u ∈ U and h ∈ H. For all h, l ∈ H satisfying
(h(x), l(x)) ∈ W and for all u ∈ U , (h(u), l(u)) ∈ W 3 and consequently, (h(u), l(u)) ∈ V ,
which proves item (i) of (2).
If condition (2) is satisfied, then condition (3) is obtained by choosing U ′ equal to U .
Suppose now that condition (3) holds and let us establish condition (1). Let V ∈ U ,
and let W be an entourage of U such that W 3 ⊂ V . Since W ∈ U ′ and since H is evenly
equidistant at x with respect to U ′, we can fix a neighborhood U1 of x in X and a member
W ′1 ⊂ W of U ′ such that (h(x), l(x)) ∈ W ′1 and h, l ∈H imply that (h(u), l(u)) ∈ W for all
u ∈ U1. Let W ′2 be a symmetric entourage of U ′ such that W ′22 ⊂ W ′1; by applying Zorn’s
lemma, we choose a set L⊂H such that W ′2[h(x)] ∩W ′2[l(x)] = ∅ for all distinct h, l ∈ L,
and which is maximal with respect to this property. By hypothesis, there is a neighborhood
U ⊂ U1 of x in X such that (l(x), l(u)) ∈ W for every l ∈ L and u ∈ U . Let u ∈ U and
h ∈H. If h ∈ L, then (h(x),h(u)) ∈ W , so (h(x),h(u)) ∈ V ; if h /∈L, then the maximality
of L implies that (h(x), l(x)) ∈ W ′22 for some l ∈ L. Since U ⊂ U1 and since W ′22 ⊂ W ′1,
it follows from (h(x), l(x)) ∈ W ′22 that (h(u), l(u)) ∈ W ; thus (h(x),h(u)) ∈ W 3, and
consequently, (h(x),h(u)) ∈ V . 
Corollary 2.2. Let X be a topological space, (Y,U) a uniform space and H ⊂ C(X,Y ).
Let x ∈ X, and suppose that H is evenly equidistant at x . Then
(1) H is equicontinuous at x if and only if every L⊂H which is uniformly discrete at x
is equicontinuous at x .
(2) H is functionally equicontinuous at x if and only if every L ⊂H which is uniformly
discrete at x is functionally equicontinuous at x .
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Recall that a subset A of the uniform space (Y,U) is said to be precompact (or totally
bounded) if for every U ∈ U , there is a finite set F ⊂ Y such that A ⊂ U [F ]. It is well
known that if a collection H ⊂ C(X,Y ) is evenly continuous at x ∈ X and if H(x) has a
compact closure in Y , then H is equicontinuous at x [18]. However, as mentioned in [18],
this fact fails if the condition “H(x) is relatively compact in Y ” is replaced by “H(x) is
a precompact subset of Y ”. The next result shows that the concept of evenly equidistant
collection is more appropriate in this case.
Corollary 2.3. Let X be a topological space, (Y,U) a uniform space and H ⊂ C(X,Y ).
Let x ∈ X be such that H(x) is a precompact subset of Y . Then H is equicontinuous at x
if and only if H is evenly equidistant at x .
Proof. Since H(x) is a precompact subset of Y , every subset of H which is uniformly
discrete at x must be finite, hence equicontinuous. To conclude, it remains now to apply
Proposition 2.1. 
Proposition 2.4. Let X be a topological space, (Y,U) a uniform space and H⊂ C(X,Y ).
Let x ∈ X be such that H(x) is a precompact subset of Y . Then, the following statements
are equivalent:
(1) H is equicontinuous at x .
(2) For every L⊂H and for every V ∈ U , there is a neighborhood U of x in X such that
L(U) ⊂ V [L(x)].
Proof. Suppose that (1) holds. Let U ∈ U and L ⊂ H. It follows from (1) that there is
a neighborhood U of x in X such that h(U) ⊂ V [h(x)] for each h ∈ H. In particular
L(U) ⊂ V [L(x)], thus (2) is satisfied.
To show that (2) implies (1), let V be any member of V and fix W ∈ U such that
W2 ⊂ V . Since H(x) is precompact in Y there exists a finite covering A1, . . . ,An of
H(x) by subsets of Y such that Ai × Ai ⊂ W for every i . Put Li = {h ∈H: h(x) ∈ Ai}
and according to (2), choose a neighborhood Ui of x in X such that Li (Ui) ⊂ W [Li (x)]
(i = 1, . . . , n). Define U =⋂in Ui ; then U is a neighborhood of x in X. Let u ∈ U and
h ∈ H, and let us show that (h(u),h(x)) ∈ V ; this will imply that H is equicontinuous
at x . Take j ∈ {1, . . . , n} such that h ∈ Lj . We have u ∈ Uj , thus h(u) ∈ Lj (Uj ) and, since
Lj (Uj ) ⊂ W [Lj (x)], there is l ∈ Lj such that (l(x), h(u)) ∈ W . On the other hand, since
h and l belong to Lj , we have (h(x), l(x)) ∈ W ; thus (h(x),h(u)) ∈ V . 
The next statement 2.6 gives an internal description of the functional equicontinuity at
a point. The proof makes use of the following lemma (which is a particular case of the
well-known Kateˇtov’s theorem [16,17]).
Lemma 2.5. Let A and B be non-empty subsets of a uniform space X. If V [A] ∩B = ∅ for
some entourage V of X, then there is a bounded real-valued uniformly continuous function
f on X such that f (A) = {1} and f (B) = {0}.
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Theorem 2.6. Let X be a topological space, (Y,U) a uniform space andH⊂ C(X,Y ). Let
x ∈ X. Then, the following statements are equivalent:
(1) H is functionally equicontinuous at x .
(2) For every L ⊂ H and every V ∈ U , there is a neighborhood U of x in X such that
L(U) ⊂ V [L(x)].
(3) For every L ⊂H and every V ∈ U∗, there is a neighborhood U of x in X such that
L(U) ⊂ V [L(x)].
Proof. Let us suppose that (1) holds and let us prove (2). Let U ∈ U and L⊂H. It follows
from Lemma 2.5 that there is a bounded real-valued uniformly continuous function f
on X such that f (L(x)) = {1} and f (Y \ V [L(x)]) = {0}. According to (1), there is a
neighborhood U of x in X such that |(f ◦ h)(x) − (f ◦ h)(u)| < 1 for every u ∈ U
and h ∈ H. If h ∈ L and u ∈ U then h(u) ∈ V [L(x)]; otherwise, in the opposite case,
(f ◦ h)(u) = 0 and consequently |(f ◦ h)(x)| < 1, which is impossible. This shows that
condition (2) is satisfied.
It is obvious that (2) implies (3). Let us suppose that condition (3) holds, and let us
prove (1). Since (Y,U∗) is precompact,H(x) is obviously a precompact subset of (Y,U∗);
consequently, by Proposition 2.4, H is equicontinuous at x when Y is equipped with U∗;
in other words,H is functionally equicontinuous at x . 
Corollary 2.7. Let X be a topological space, (Y,U) a uniform space and H ⊂ C(X,Y ).
Let x ∈ X be such that H(x) is a precompact subset of Y . Then, the following statements
are equivalent:
(1) H is equicontinuous at x .
(2) H is evenly equidistant at x .
(3) H is functionally equicontinuous at x .
(4) For every L⊂H and for every V ∈ U , there is a neighborhood U of x in X such that
L(U) ⊂ V [L(x)].
3. The main results
The main result of this paper is Theorem 3.2. It implies that for every X belonging to
a surprisingly wide class of topological spaces (including all quasi-kR-spaces), any set of
continuous mappings from X to any uniform space Y which is functionally equicontinuous
is in fact equicontinuous. Before stating Theorem 3.2, let us recall some definitions. Let
X be a topological space and let M be a collection of subspaces of X; X is said to
be strongly functionally generated by M if for every real-valued discontinuous mapping
f :X → R there is a set A ∈M such that the restriction f|A :A → R is discontinuous [2].
We consider here the wide collection PP(X) of all pointwise relatively pseudocompact
subspaces of X already introduced in [4]. A subspace Y of X is said to be relatively
pseudocompact in X at y ∈ Y if there is a sequence (Vn)n∈N of neighborhoods of y in X
such that for every continuous function f :X → R, there is n ∈ N such that f is bounded
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on Vn ∩Y ; it is equivalent to say that every sequence (Un)n∈N of cozero-sets in X such that
Un ∩ Vn ∩ Y = ∅ (n ∈ N) has at least one cluster point in X. When Y = X, this concept
corresponds to the one introduced by Arhangel’skiıˇ in [1]. If Y is relatively pseudocompact
in Y at each of its points, then Y is said to be pointwise relatively pseudocompact in X. Let
us remark that every bounded subset of X belongs to PP(X); in particular every countably
compact subspace of X belongs to PP(X). Recall that A ⊂ X is said to be bounded in X
if every real-valued continuous function on X is bounded on A.
To obtain Theorem 3.2, we need the following well-known combinatorial lemma,
already used in [4]. The metric variant of this lemma, which apparently goes back to
Kantorovich, can be found in [10].
Lemma 3.1. Let (X,U) be a uniform space and let V be a symmetric member of U . For
every sequence (xn, yn)n∈N in X × X such that (xn, yn) /∈ V 3 for every n ∈ N, there is an
infinite subset I of N such that (xm, yn) /∈ V for any m,n ∈ I .
Theorem 3.2. Let X be a topological space that is strongly functionally generated by the
set of all its pointwise relatively pseudocompact subspaces, let (Y,U) be a uniform space
and let H be a subset of C(X,Y ). Then the following statements are equivalent:
(1) H is equicontinuous.
(2) Every countable subset of H is functionally equicontinuous.
(3) For each x ∈ X, (a) every countable subset of H is evenly equidistant at x , and
(b) every countable subset of H which is uniformly discrete at x is functionally
equicontinuous at x .
Proof. It is obvious that (1) implies (2) (without any hypothesis on the space X). Suppose
that (2) holds and let us prove (1). Let A ∈ PP(X), and let us show that the set H | A
of restrictions to A of mappings of H is equicontinuous; since X is strongly functionally
generated by the collection PP(X), it will follow thatH is equicontinuous. Let r ∈ A, and
fix a decreasing sequence (On)n∈N of neighborhoods of r in X such that every sequence
(Rn)n∈N of cozero-sets in X satisfying Rn ∩ On ∩ A = ∅ (n ∈ N) has at least one cluster
point in X. In order to get a contradiction, let W be a closed entourage of Y and suppose
that for any neighborhoodU of r in A, there is (u,h) ∈ U ×H such that (h(u),h(r)) /∈ W 9.
Define by induction on n ∈N a sequence ((hn, xn))n∈N inH×X such that for each n ∈ N:
(i) xn ∈ On ∩ A,
(ii) xk belongs to the interior of
⋂
n<k h
−1
n (W [hn(r)]),
(iii) (hn(r), hn(xn)) /∈ W 9.
By using (i), (ii) and the fact that the mappings hn (n ∈N) are continuous, it is possible to
construct a sequence (Rn)n∈N of cozero-sets in X with the following properties:
(i′) xn ∈ Rn ⊂ On ∩ h−1n (W [hn(xn)]) for each n ∈ N,
(ii′) (hn(r), hn(x)) ∈ W for each x ∈ Rk , k,n ∈N with k > n.
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Let us apply Lemma 3.1 to (iii) to get an infinite set I ⊂ N such that(iii′) (hn(r), hm(xm)) /∈ W 3 for every n,m ∈ I .
Let us choose a cluster point s of the family (Rn)n∈I in X (this is possible by (i′),
since (On)n∈N is a decreasing sequence). Since W is closed, it follows from (ii′) that
(hn(r), hn(s)) ∈ W for every n ∈N; consequently, (iii′) implies that
(
hn(s), hm(xm)
)
/∈ W 2 for every n,m ∈ I. (∗)
The countable subset L = {hn: n ∈ I } of H is functionally equicontinuous, so by
Theorem 2.6, there is a neighborhood V of s in X such that L(V ) ⊂ W [L(s)]. Choose
p ∈ I such that Rp ∩ V = ∅ and fix x ∈ Rp ∩ V . Then there is q ∈ I such that
(hp(x),hq(s)) ∈ W , and it follows from (i′) that (hq(s), hp(xp)) ∈ W 2. This contradicts
(∗) and ends the proof that (2) implies (1).
To see that conditions (1) and (2) are equivalent to condition (3), it suffices now to apply
Proposition 2.1. 
Now, let us examine Question 1.1 in the locally connected case.
Proposition 3.3. Let X be a topological space, (Y,U) a uniform space and H⊂ C(X,Y ).
Let x ∈ X be such that X is locally connected at x andH is uniformly discrete at x . Then,
the following statements are equivalent:
(1) H is equicontinuous at x .
(2) H is functionally equicontinuous at x .
(3) For every V ∈ U , there is a neighborhood U of x in X such that H(U) ⊂ V [H(x)].
Proof. It is obvious that (1) implies (2). By Theorem 2.6, (2) implies (3). Let us suppose
that condition (3) is satisfied, and let us prove that H is equicontinuous at x . Choose
an open entourage V ∈ U such that V [l(x)] ∩ V [h(x)] = ∅ for any l, h ∈ H satisfying
l(x) = h(x). (Here we only use the fact that {l(x): l ∈H} is uniformly discrete in (Y,U).)
By hypothesis (3), there is a neighborhood U of x in X such thatH(U) ⊂ V [H(x)]. Since
X is locally connected at x , U can be chosen connected; for each h ∈ H, h(U) is then
a connected subspace of V [H(x)]. Since h(x) ∈ h(U) ∩ V [h(x)] and since V [h(x)] is a
subset both closed and open of the space V [H(x)], h(U) is contained in V [h(x)]. This
proves that H is equicontinuous at x , as claimed. 
Theorem 3.4. Let X be topological space, (Y,U) a uniform space and H ⊂ C(X,Y ).
Let x ∈ X be such that X is locally connected at x . Then the following statements are
equivalent:
(1) H is equicontinuous at x .
(2) (i) H is evenly equidistant at x and (ii) every subset of H which is uniformly discrete
at x is functionally equicontinuous at x .
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Proof. This follows from Propositions 2.1 and 3.3. 
To conclude this section, we mention an example showing that without additional
conditions, Question 1.1 has a negative answer.
Example 3.5. Let Y = N, and let U denote the discrete uniformity on N. A basis of U∗ is
given by sets of the form
(A1 ×A1) ∪ (A2 ×A2) ∪ · · · ∪ (An ×An),
where N = A1 ∪ A2 ∪ · · · ∪ An. Let X = NN be equipped with the topology τU∗ of
uniform convergence associated to U∗. Consider the set H of all evaluation mappings
en :f ∈ X → f (n) ∈ Y , n ∈ N. Since τU∗ is finer than the (Tychonoff) product topology
on X, we have H ⊂ C(X,Y ). Clearly, for each x ∈ X, H is not equicontinuous at x ∈ X
unless x(N) is finite (the equicontinuity in this case is easy to see). Let us use Theorem 2.6
to verify that H is functionally equicontinuous at any x ∈ X. Let L ⊂H and x ∈ X, and
denote by ∆Y the diagonal of Y × Y . Put A = x({n: en ∈L}), B = N \ A and
V =
⋂
n∈N
{
y ∈ X: (y(n), x(n)) ∈ (A×A) ∪ (B ×B)}.
The set V is a neighborhood of x in X. For every y ∈ V and en ∈ L, (x(n), y(n)) belongs
to A ×A, that is, y(n) = x(m) for some em ∈L. Thus L(V ) ⊂ ∆Y [L(x)].
The above construction can be used to prove the following general fact: To every non-
precompact uniform space (Y,U), one can associate a topological space X, and a countable
functionally equicontinuous set H⊂ C(X,Y ) which is not equicontinuous.
4. Left and right uniform continuity in groups
In this section, the main results of Sections 2 and 3 are applied to the [FSIN] = [SIN]
problem by Itzkowitz in topological groups. Our terminology for topological groups is
the same as in [25]. All topological groups considered here are assumed to be Hausdorff.
Recall that a topological group G is said to be an FSIN-group if UL(G) = UR(G), or,
equivalently, if UL(G) ⊂ UR(G). Here, UL(G) (respectively UR(G)) denotes the set of all
bounded left (respectively right) uniformly continuous functions f :G → R. As usual,
a mapping from G to R (or to any uniform space Y) is said to be left (respectively
right) uniformly continuous if it is uniformly continuous when G is equipped with its
left (respectively right) uniformity LG (respectively RG). Recall that the uniformity LG
(respectively RG) admits for a basis of entourages the class of all sets of the form
{(g,h) ∈ G × G: g−1h ∈ V } (respectively {(g,h) ∈ G × G: gh−1 ∈ V }) as V runs
through all neighborhoods of the identity element e of G. If LG =RG, or, equivalently, if
LG ⊂RG, then G is said to be a SIN-group. It is easy to verify that G is a SIN-group if
and only if for every neighborhood U of e in G, the set
⋂
g∈G g−1Ug is a neighborhood
of e in G [9]. Obviously, if G is a SIN-group, then G is an FSIN-group.
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The following well-known concepts are very close to the FSIN and SIN properties.
A subset A of a topological group G is said to be right neutral in G if for any neighborhood
V of e in G, there is a neighborhood U of e in G such that AU ⊂ VA [8,19,24]. The
subset A of G is said to be left thin in G if for every neighborhood V of e in G, the set⋂
g∈A g−1Vg is a neighborhood of e in G [26]. The next statement shows how these two
concepts are respectively connected to the concept of functional equicontinuity and to the
concept of equicontinuity. Obviously, if a subset of G is left thin in G, then it is right
neutral in G.
Recall also that a subset A of G is said to be right uniformly discrete in G if there is a
neighborhood V of e in G such that Vg and V h are disjoint whenever g,h ∈ G and g = h.
A left uniformly discrete subset of G is defined similarly.
For any g ∈ G, the left translation lg :G → G and the right translation rg :G → G are
defined respectively by lg(h) = gh and rg(h) = hg, h ∈ G.
Proposition 4.1. Let G be a topological group and A ⊂ G. Denote by HA the set of all
mappings lg , g ∈ A, from the space G to the uniform space (G,RG). Then
(1) A is left thin in G if and only if the set HA is equicontinuous (at the unit e of G).
(2) A is left neutral in G if and only if for each V ∈RG, there is a neighborhood U of e
in G such that HA(U) ⊂ V [HA(e)].
(3) Every subset of A is right neutral in G if and only if the set HA is functionally
equicontinuous (at the unit e of G).
(4) A is right uniformly discrete in G if and only if HA is uniformly discrete at e (or at
any x ∈ G).
Proof. Statements (2) and (4) are obvious.To establish property (1), suppose that HA is
equicontinuous. Then, for every neighborhood V of e in G, there is a neighborhood U of
e in G such that x ∈ U implies that lg(x)lg(e)−1 ∈ V for every g ∈ A. This means that
U ⊂⋂g∈A g−1Vg and implies that A is left thin in G. The proof of the converse is similar.
To show that property (3) holds, use Theorem 2.6 and (2). 
It has been established by Hernández [8] that a topological group G is SIN if and only
if all its right uniformly discrete subsets are left thin. Some time later, Previts and Wu [22]
showed that G is FSIN if and only if all its right uniformly discrete subsets are right neutral.
Previts and Wu’s proof is mainly based on the following lemma: If A is a subset of G and
if W is a symmetric neighborhood of e in G, then there is B ⊂ A such that B is right
uniformly discrete with respect to W and A ⊂ W 2B . The particular case when A = G was
considered earlier in [19] and used by Hernández in [8]. Recently, slight improvements of
these results have been obtained in [5] by using the above lemma again; they appear here
in 4.2 as applications of Corollary 2.2.
Proposition 4.2. Let G be a topological group and let A ⊂ G. Then
(1) A is left thin in G if and only if all the right uniformly discrete subsets of A are left
thin in G.
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(2) All the subsets of A are right neutral in G if and only if all the right uniformly discrete
subsets of A are right neutral in G.
Proof. Because of Proposition 4.1, it suffices to apply Corollary 2.2 with X = G, x = e,
(Y,U) = (G,RG), and H = {lg: g ∈ A}. Let us remark that H is trivially U -evenly
equidistant at e. 
Because of Proposition 4.1, the following well-known characterization of FSIN-groups
due to Protasov and Saryev [24] appears as a special case of the above Theorem 2.6.
Instructive commentaries about Protasov and Saryev’s criterion can be found in [15].
Proposition 4.3. Let G be a topological group. Then G is an FSIN-group if and only if all
the subsets of G are right neutral in G.
A topological group in which all countable subsets are right neutral is called in [4] an
ℵ0-FSIN-group. Protasov proved that every almost metrizable ℵ0-FSIN-group is SIN [23].
In [5], Protasov’s theorem was extended to every topological group that is strongly
functionally generated by the set of all its left or right precompact subsets; part (2) of
the following application of Theorem 3.2 extends Protasov’s theorem to every topological
group that is strongly functionally generated by the set of all its pointwise relatively
pseudocompact subspaces.
Theorem 4.4. Let G be a topological group that is strongly functionally generated by the
set of all its pointwise relatively pseudocompact subspaces. Then
(1) For every A ⊂ G, A is left thin in G if and only if every right uniformly discrete
countable subset of A is right neutral in G.
(2) G is a SIN-group if and only if every right uniformly discrete countable subset of G is
right neutral in G.
Proof. (1) Because of Proposition 4.1, it suffices to apply Theorem 3.2 with X = G,
(Y,U) = (G,RG), and H = {lg: g ∈ A}. Remark that any L ⊂ H is trivially U -evenly
equidistant at any x ∈ X.
(2) It is the particular case of (1) when A = G. 
By using Protasov and Saryev’s criterion 4.3, we obtain the following Corollary 4.5
of 4.4. Recall that the particular case of 4.5 when G is locally compact was obtained by
Milnes in [20], and, independently by Itzkowitz in [13] (cf. also [11,14] and [7]). Recall
also that the particular case of Corollary 4.6 when G is locally compact was obtained by
Pestov in [21] (cf. also [13,14]), in answer to a question by Itzkowitz [12].
Corollary 4.5. Let G be a topological group that is strongly functionally generated by the
class of all its pointwise relatively pseudocompact subspaces. If G is an FSIN-group, then
G is a SIN-group.
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Corollary 4.6. Let G be a topological group that is strongly functionally generated by
the class of all its pointwise relatively pseudocompact subspaces. If every right uniformly
discrete countable subset of G is left thin in G, then G is a SIN-group.
Remark 4.7. Let S be a semitopological semigroup, that is to say a Tychonoff topological
space S equipped with an associative operation which is separately continuous. For any
uniform space Y , denote by LC(S,Y ) the set of all continuous mappings φ :S → Y such
that s ∈ S → Lsφ ∈ C(S,Y ) is continuous when C(S,Y ) is equipped with the topology
of uniform convergence. Here, Lsφ = φ ◦ ls , ls being the left translation t ∈ S → st ∈ S.
The function Rsφ and the set RC(S,Y ) are defined similarly, using right translations rs
instead of left translations ls . The set of all bounded f ∈LC(S,R) (respectivelyRC(S,R))
is denoted by LC(S) (respectively RC(S)). If S is a topological group, then, as is well
known, LC(S) = UR(G) and RC(S) = UL(G). Information on the function spaces LC(S)
andRC(S) can be found in [3].
Let us suppose the semitopological semigroup S strongly functionally generated by the
class of all its pointwise relatively pseudocompact subspaces, and let us suppose that the
inclusionRC(S) ⊂ LC(S) holds. Then, by using Theorem 3.2, it is not difficult to see that
RC(S,Y ) ⊂ LC(S,Y ) for any uniform space (Y,U). Corollary 4.5 can be considered as a
particular case of this result. We omit the details.
Megrelishvili, Nickolas and Pestov showed in [19] that a locally connected group whose
all right uniformly discrete subsets are right neutral is SIN. To conclude this section, we
give in 4.9 a result of the same sort. This result can be deduced from Theorem 3.4 exactly
as, for example, Theorem 4.4 was deduced from Theorem 3.2. It also arises from 4.2 and
the following observation.
Proposition 4.8. Let G be a locally connected topological group and let A be a right
uniformly discrete subset of G. Then the following statements are equivalent:
(1) A is left thin in G.
(2) A is right neutral in G.
Proof. Because of Proposition 4.1, it suffices to apply Proposition 3.3 with X = G, x = e,
(Y,U) = (G,RG), andH= {lg: g ∈ A}. 
Theorem 4.9. Let G be a locally connected topological group and let A ⊂ G. Then the
following statements are equivalent:
(1) A is left thin in G.
(2) Every right uniformly discrete subset of A is right neutral in G.
Proof. By Proposition 4.2, A is left thin in G if and only if every right uniformly discrete
subset of A is left thin in G. To obtain the equivalence between item (1) and item (2), it
suffices now to apply Proposition 4.8. 
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The following theorem of Megrelishvili et al. [19] is obtained, first by choosing A = G
in Theorem 4.9, and next, by using Protasov and Saryev’s criterion 4.3.
Corollary 4.10. Let G be a locally connected topological group. If G is an FSIN-group,
then G is a SIN-group.
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